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COMPLEX TROPICAL LOCALIZATION, COAMOEBAS, AND
MIRROR TROPICAL HYPERSURFACES
MOUNIR NISSE
Abstract. We introduce in this paper the concept of tropical mirror hypersurfaces
and we prove a complex tropical localization Theorem which is a version of Kapra-
nov's Theorem [K-00] in tropical geometry. We give a geometric and a topological
equivalence between coamoebas of complex algebraic hypersurfaces defined by a
maximally sparse polynomial and coamoebas of maximally sparse complex tropical
hypersurfaces.
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1. Introduction
Amoebas have proved to be a very useful tool in several areas of mathematics, and
they have many applications in real algebraic geometry , complex analysis, mirror
symmetry, algebraic statistics and in several other areas (see [M1-02], [M2-04], [M3-02],
[FPT-00], [PR1-04], [PS-04] and [R-01]). They degenerate to a piecewise-linear object
called tropical varieties, [M1-02], [M2-04], and [PR1-04]. However, we can use amoebas
as an intermediate link between the classical and the tropical geometry. Coamoebas
have a close relationship and similarities with amoebas and can be also used as an
intermediate link between the tropical and the complex geometry.
A tropical hypersurface is the set of points in Rn where some piecewise affine linear
function (called tropical polynomial) is not differentiable. Such a tropical polynomial
may contain a tropical monomials which are not essential for the construction of
the tropical hypersurface, but in the classical polynomial those monomials have a
contribution and they often play a vital role in the geometry and the topology of the
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2 MOUNIR NISSE
complex tropical hypersurface coamoeba defined by that polynomial. In this paper,
we give a process to constructing the coamoeba of a complex tropical hypersurface
by using a construction of a symmetric tropical hypersurface, which we call a mirror
tropical hypersurface, that allows us to see and to understand the contribution on the
coamoeba of the non-essential monomials in the tropical polynomial. The construction
consists to look at the deformation of the extending Newton polytope in Rn×R instead
of the deformation of the tropical hypersurface itself. What is the same by duality, but
in plus we have a geometric point of view of that deformation. A symmetry appears
naturally in this deformation, whose center is the time when the dual subdivision τ
of the Newton polytope ∆ is reduced to one element (i.e., τ = {∆} itself).
If Vf is an algebraic hypersurface in (K∗)n with K the field of the Puiseux series,
then we obtain the following results:
Theorem 1.1 (Complex tropical localization). Let Hαγ be a hyperplane in Rn codual to
an edge Eαγ of the subdivision τ , and C be a connected component of Hαγ∩Arg(V∞, f ).
Then we have one of the two following cases:
(i) The dimension of C is n − 1 and its interior is contained in the interior of a
regular part of Arg(V∞, f );
(ii) the dimension of C is zero (i.e., discrete) and C is contained in the intersection
of Hαγ and a line codual to some proper face of ∆v.
Theorem 1.2. Let Vf ⊂ (K∗)n be a hypersurface defined by a polynomial f with
Newton polytope ∆ such that the subdivision τf = {∆1, . . . ,∆l} dual to the tropical
hypersurface Val(Vf ) is a triangulation. Then the geometry and the topology of the
complex tropical hypersurfaces W (Vf ) coamoebas are completely determined and con-
structed by gluing those of the truncated complex tropical hypersurfaces W (Vf∆i ) using
the complex tropical localization.
If Vf is a complex algebraic hypersurface, then we have the following result:
Theorem 1.3. Let Vf be a complex algebraic hypersurface defined by a maximally
sparse polynomial f . Then there exist a deformation of Vf given by a family of poly-
nomials ft such that the coamoeba of the complex tropical hypersurface V∞, f (which is
the limit of the Ht(Vft) with respect of the Hausdorff metric on compact sets of (C∗)n)
has the same topology as the coamoeba coAf of Vf (i.e., they are homeomorphic).
We recall the definitions and some Theorems of tropical geometry in section 2
alongside with all necessary notation. In section 3, we give the definition of complex
tropical hypersurface and we describe those defined by maximally sparse polynomial
with Newton polytope a simplex, and we give some examples of complex algebraic
plane curves. In section 4, we introduce the notion of mirror tropical hypersurface, we
give some examples, and we prove Theorem 1.2. In section 5, we prove the complex
tropical localization Theorem. In section 6, we give a geometric and a topological
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description from the complex tropical hypersurface coamoeba to that of the complex
algebraic hypersurface, and we will prove Theorem 1.3. Finally in section 7, we give
the geometric and topological description of the coamoebas of some complex algebraic
plane curves.
2. Preliminaries
Let K be the field of the Puiseux series with real power, which is the field of the
series a(t) =
∑
r∈Aa
ξrt
r with ξr ∈ C∗ = C \ {0} and Aa ⊂ R is well-ordered set (which
means that any subset has a smallest element); the smallest element of Aa is called
the order of a, and denoted by ord(a) := minAa. It is well known that the field
K is algebraically closed and has a characteristic equal to zero, and it has a non-
Archimedean valuation val(a) = −minAa satisfying to the following properties.{
val(ab) = val(a) + val(b)
val(a+ b) ≤ max{val(a), val(b)},
and we put val(0) = −∞. If we denote by K∗ = K \ {0} and we apply the valuation
map coordinate-wise we obtain a map Val : (K∗)n → R ∪ {−∞} which we will also
call the valuation map.
If a ∈ K∗ is the Puiseux series a =
∑
j∈Aa
ξjt
j with ξ ∈ C∗ and Aa ⊂ R is a well-ordered
set. We complexify the valuation map as follows :
w : K∗ −→ C∗
a 7−→ w(a) = eval(a)+i arg(ξ− val(a))
Let Arg be the argument map K∗ → S1 defined by: for any a ∈ K a Puiseux series so
that a =
∑
j∈Aa
ξjt
j, then Arg(a) = ei arg(ξ− val(a)) (this map extends the map Arg : C∗ →
S1 defined by ρeiθ 7→ eiθ).
Applying this map coordinate-wise we obtain a map :
W : (K∗)n −→ (C∗)n
Definition 2.1. The set V∞ ⊂ (C∗)n is a complex tropical hypersurface if and only
if there exists an algebraic hypersurface VK ⊂ (K∗)n over K such that W (VK) = V∞,
whereW (VK) is the closure ofW (VK) in (C∗)n ≈ Rn×(S1)n as a Riemannian manifold
with the metric of the product of the Euclidean metric on Rn and the flat metric on
(S1)n.
Let Vf ⊂ (K∗)n be the algebraic hypersurface defined by the non-Archimedean poly-
nomial:
f(z) =
∑
α∈A
aαz
α, zα = zα11 z
α2
2 . . . z
αn
n
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with aα ∈ K∗ and A a finite subset of Zn. We denote by ∆f the Newton polytope of
f , which is the convex hull in Rn of A. Let νf be the map defined on A as follows:
νf : A −→ R
α 7−→ ord(aα).
The Legendre transform L(νf ) of the map νf is the piecewise affine linear convex
function defined by:
L(νf ) : Rn −→ R
x 7−→ max{< x, α > −νf (α)};
where <,> denotes the scalar product in the Euclidean space.
Definition 2.2. The Legendre transform L(νf ) of the map νf is called the tropical
polynomial associated to f , and denoted by ftrop.
Theorem 2.3 (Kapranov, (2000)). The image of the algebraic hypersurface Vf under
the valuation map Val is the set Γf of points in Rn where the piecewise affine linear
function ftrop is not differentiable.
We denote by ∆˜f the extended Newton polytope of f which is the convex hull of the
subset {(α, νf (α)) ∈ A× R} of Rn × R. Let ρ be the following map:
ρ : ∆f −→ R
x 7−→ min{t | (x, t) ∈ ∆˜f}.
It's clear that the linearity domains of ρ define a convex subdivision τf = {∆1, . . . ,∆l}
of ∆f (by taking the linear subsets of the lower boundary of ∆˜f , see [PR1-04],
[RST-05], and [IMS-07] for more details). Let y =< x, vi > +ri be the equation
of the hyperplane Hi ⊂ Rn×R containing the points with coordinates (α, νf (α)) with
α ∈ Vert(∆i).
There is a duality between the subdivision τf and the subdivision of Rn induced by Γf
(see [PR1-04], [RST-05], and [IMS-07]), where each connected component of Rn \ Γf
is dual to some vertex of τf and each k-cell of Γf is dual to some (n− k)-cell of τf . In
particular, each (n − 1)-cell of Γf is dual to some edge of τf . If x ∈ E∗αβ ⊂ Γf , then
< α, x > −νf (α) =< β, x > −νf (β), so < α − β, x − vi >= 0. This means that vi is
a vertex of Γf dual to some ∆i having Eαβ as edge.
Let V be an algebraic hypersurface in (C∗)n defined by the complex polynomial:
f(z) =
∑
α∈supp(f)
aαz
α, zα = zα11 z
α2
2 . . . z
αn
n ,
where aα are non-zero complex numbers and supp(f) is the support of f , and we
denote by ∆ the Newton polytope of f (i.e., the convex hull in Rn of supp(f)).
The following definition is given by M. Gelfand, M.M. Kapranov and A.V. Zelevinsky
in [GKZ-94]:
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Definition 2.4. The amoeba A of an algebraic hypersurface V ⊂ (C∗)n is the image
of V under the map :
Log : (C∗)n −→ Rn
(z1, . . . , zn) 7−→ (log ‖ z1 ‖, . . . , log ‖ zn ‖).
It was shown by M. Forsberg, M. Passare and A. Tsikh in [FPT-00] that there is an
injective map between the set of components {Eν} of Rn \A and Zn ∩∆:
ord : {Eν} ↪→ Zn ∩∆
Theorem 2.5 (Foresberg-Passare-Tsikh, (2000)). Each component of Rn \ A is a
convex domain and there exists a locally constant function:
ord : Rn \A −→ Zn ∩∆
which maps different components of the complement of A to different lattice points of
∆.
The coordinates zj of z ∈ (C∗)n are parameterized by zj = ρjei arg(zj) with ρj = ‖
zj ‖∈]0,∞[ and arg(zj) ∈ [0, 2pi[ for j = 1, . . . , n. Passare and Tsikh introduced the
following set associated to a complex algebraic varieties.
Definition 2.6 (Passare-Tsikh). The Coamoeba coA ⊂ (S1)n of f is the image of V
under the argument map Arg defined by the following:
Arg : (C∗)n ≈ Rn × (S1)n −→ (S1)n
(z1, . . . , zn) 7−→ (ei arg(z1), . . . , ei arg(zn)).
3. Complex tropical hypersurfaces with a simplex Newton polytope
Let a = (a1, . . . , an) ∈ (K∗)n and Ha ⊂ (K∗)n be the hyperplane defined by the
polynomial fa(z1, . . . , zn) = 1 +
∑n
j=1 ajzj, then it's clear that Ha = τa−1(H1). Let L
be an invertible matrix with integer coefficients and positive determinant
L =
 α11 . . . α1n... . . . ...
αn1 . . . αnn
 ,
and let ΦL, a be the homomorphism of the algebraic torus defined as follow.
ΦL, a : (K∗)n −→ (K∗)n
(z1, . . . , zn) 7−→ (a1
∏n
j=1 z
αj1
j , . . . , an
∏n
j=1 z
αjn
j ).
Let Vf ⊂ (K∗)n be the hypersurface defined by the polynomial
f(z1, . . . , zn) = 1 +
n∑
k=1
ak
n∏
j=1
z
αjk
j ,
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such that its Newton polytope is the simplex ∆f that is the image by L of the stan-
dard simplex. The matrix L is invertible, so ΦL, a(Vf ) = Ha, and then
tL−1(Val(Ha)) =
Val(Vf ). It was the same thing for the complex tropical hypersurface i.e.,
tL−1(W (Vf )) =
W (Ha), (because for any k = 1, . . . , n we have arg(ak
∏n
j=1 z
αjk
j ) = arg(ak) +
∑n
j=1 <
αjk, arg(zj) >), abuse of notations; to be more precise we have
tL−1(Log(Arg(W (Vf )))) =
Log(Arg(W (Ha))). Hence we have the following (for more details, see [N1-07]):
coA (Vf ) = τtL−1(a−1) ◦ tL−1(coA (H1)).
So, the coamoeba of any hypersurface defined by a maximally sparse polynomial (that
the number of its coefficients is equal to the number of its Newton polytope vertices)
with a simplex as Newton polytope, can be easily drawn. We remark that the field
of Puiseux series K can be replaced by the field of complex numbers and we have the
same results with the same formulas.
Example 3.1. We draw on figure 1 the coamoeba of the complex curve defined
by the polynomial f1(z, w) = w
3z2 + wz3 + 1 where the matrix tL−11 is equal to
1
7
(
3 −1
−2 3
)
and on figure 2 the coamoeba of the complex curve defined by the
polynomial f2(z, w) = w
2z2 + z + w where the matrix tL−12 is equal to
1
3
(
1 1
−2 1
)
.
Figure 1. The coamoeba of the curve defined by the polynomial
f1(z, w) = wz
3 + z2w3 + 1
4. Tropical mirror hypersurfaces
Let Vf ⊂ (K∗)n be an algebraic hypersurface defined by a polynomial f and we as-
sume that ∆f is a simplex, A = Vert(∆f )∪{β}, and the coefficient aβ is monomial. In
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Figure 2. The coamoeba of the curve defined by the polynomial
f(z, w) = z + w + z2w2
addition, we suppose that β ∈ Vert(τf ). Let {fu}u∈]−1;1] be the family of polynomials
defined as follow:
fu(z) = aβ, uz
β +
∑
α∈Vert(∆f )
aαz
α,
with aβ, u such that:
aβ, u =
{
ξβt
uνf (β)+(1−u)(<β,v>+r) if u ∈ [0; 1]
ξβt
(1−u)(<β,v>+r)− u
u+1 if u ∈]− 1; 0]
where ξβ is the complex coefficient of aβ, and v is the vertex of the tropical hypersurface
Val(Vf ). We can assume that < β, v > +r ≥ 0 (multiplying f by a power of t if
necessary); so the map u 7−→ (1− u)(< β, v > +r)− u
u+1
is a decreasing function on
]− 1; 0].
Remark 4.1.
(a) The deformation given above is such that f1(z) = f(z);
(b) for any u ∈]− 1; 0], the subdivision τfu = {∆f} (i.e., trivial);
(c) with the same assumption as above, when the order of the monomial aβ, u
reaches the hyperplane of Rn × R containing the points with coordinates
(α, νf (α)) and α ∈ Vert(∆f ) (i.e., for u ≤ 0). Then we consider the fam-
ily of polynomials f˜u defined by:
f˜u(z) = a˜β, uz
−β +
∑
α∈Vert(∆f )
a˜αz
−α,
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such that if α ∈ Vert(∆f ) and aα(t) =
∑
r≥ord(aα)
ξα,rt
r, then we set a˜α(t) =∑
r≥ord(aα)
ξα,rt
−r and if aβ, u(t) = ξβtord(aβ, u), we set a˜β, u(t) = ξβt− ord(aβ, u). In
this case, we have the convergence when t tends to the infinity, because the
induced transformation of K is given by t 7−→ t−1. Let I : (K∗)n → (K∗)n be
the transformation defined as (z1, . . . , zn) 7→ (z−11 , . . . , z−1n ), then by making
the change of the variable t = 1
τ
, we can see that f˜u(z) = fu ◦I (z), and then
Vf˜u = Vfu◦I = I (Vfu). The tropical polynomial associated to f˜u is given by
f˜u, trop = max
α∈Sym(A)
{< x, γ > − val(aγ,u)}
with Sym(A) the subset of Zn symmetric to A relatively to the origin. There
exist a positive number s ∈] − 1; 0] such that the non-Archimedean amoebas
defined by the tropical polynomials f˜u, trop with u ∈ [−s; 0] are symmetric
to those defined by fu, trop with u ∈ [0; 1] (By an automorphism of (K∗)n
if necessary, we can assume that val(aα) = 0 for any α ∈ Vert(∆f , and in
this case s = −νf (aβ).). So, we can apply now Kapranov's theorem to the
tropical hypersurfaces Γf˜u , and from the equality Vf˜u = I (Vfu), we deduced
that the coamoeba of V∞, fu = W (Vfu) is the symmetric of the coamoeba of
V∞, f˜u = W (Vf˜u).
(d) One way to look at the deformation of a tropical hypersurface is to think of it
as a deformation of the extending Newton polytope of its defining polynomial.
More precisely, the deformation f˜u, trop can be seen as a continuation of the
deformation of the normal vectors to the hyperplanes in Rn×R containing the
lifting of the ∆i's element of the subdivision τfu dual to fu, trop with 0 ≤ u ≤ 1.
Indeed, when u = 0, all the normal vectors are equal and then for u ≤ 0 the
coefficient of index β becomes inessential in the tropical polynomial fu, trop, but
in the non-Archimedean polynomial fu, it has a contribution and plays a crucial
role for the determination of the complex tropical hypersurface coamoeba.
Definition 4.2. The tropical hypersurfaces Val(Vf˜u) defined by the tropical polynomi-
als f˜u, trop for u ∈]−1; 0], are called the tropical mirror for the hypersurfaces Vfu defined
by the polynomial fu. We denote this hypersurface by Mirrtrop(Vfu) := Val(Vf˜u).
We can see that if Γ is a tropical hypersurface with only one vertex, and V1, V2 are
two hypersurfaces in (K∗)n such that Val(Vi) = Γ for i = 1, 2, then the two mirror
tropical hypersurfaces Mirrtrop(V1) and Mirrtrop(V2) are not necessary the same. A
similar algebraic construction is given by Z. Izhakian and L. Rowen in [IR-08].
Theorem 4.3. Let Vf ⊂ (K∗)n be a hypersurface defined by a polynomial f with
Newton polytope ∆, and assume that the subdivision τf = {∆1, . . . ,∆l} dual to the
tropical hypersurface Val(Vf ) is a triangulation. Then the geometry and the topology
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of the complex tropical hypersurfaces W (Vf ) coamoebas are completely determined and
constructed by gluing those of the truncated complex tropical hypersurfaces W (Vf∆i )
using the complex tropical localization.
Proof Suppose that Vf ⊂ (K∗)n is defined by the polynomial f(z) =
∑
α∈A
aαz
α with
Newton polytope ∆ equal to the convex hull of A, and let Ai = A ∩ ∆i. If f∆i
denotes the truncation of f to ∆i, then the assumption of Theorem 4.3, means that
the spine of the hypersurface amoeba of Vf∆i has only one vertex. Let τi = ∪j∆ij be
the convex subdivision of ∆i given by taking the upper bound of the convex hull of
the set {(α, r) ∈ Ai × R | r ≤ ord(aα)}, which we can suppose to be a triangulation
(by a small perturbation of the coefficients order if necessary). Let inv : C((t)) →
C((ρ)) be the morphism sending t of valuation +1 to ρ of valuation −1, and let f˜
be the polynomial defined by f˜(z) =
∑
α∈Ai
a˜αz
−α with a˜α = inv(aα) (this means that
if aα(t) =
∑
r≥ord(aα)
ξα,rt
r then a˜α(t) =
∑
r≥ord(aα)
ξα,rt
−r). We use now induction on the
volume of ∆, and we assume that the coamoeba of any Vf∆ij is constructed for each
index ij using the complex tropical localization which we develop in the next section.
By construction we have Vf˜i = Vf∆i◦I = I (Vf∆i ). The coamoeba of Vf˜i can be
constructed, because in this case, one can apply Kapranov's Theorem, and we can
also build the coamoeba of Vf∆i . Knowing now all the coamoebas of the Vf∆i 's, the
coamoeba of the hypersurface Vf itself can be built by reusing Kapranov's Theorem.
Examples 4.4.
(a) Example of the parabola (see figures 3, 4, and 5), where the deformation is
seen as a deformation of the normal vectors to the hyperplanes in Rn × R
containing the lifting of the ∆i's, and the points with coordinates (α, ord(α))
and α ∈ Vert(∆f ) are fixed.
(b) We give here an example where β ∈ Int(∆f ) (see figures 6, 7, and 8), and as
in the previous example, the deformation is supposed to fix the order of the
coefficients of index in the vertices of the Newton polygon.
5. Camoebas of complex tropical hypersurfaces
In this section we consider an algebraic hypersurface V over the field of Puiseux
series K defined by a polynomial f with Newton polytope ∆. We denote by Γ the
non-Archimedean amoeba of V and by V∞, f the complex tropical hypersurface image
of V under the map W . Let us denote by τ the subdivision of ∆ dual to Γ which we
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Figure 3. The tropical curves Val(Vfu) for u ∈ [0; 1].
Figure 4. The tropical curves Val(Vf0) and Val(Vf˜0).
Figure 5. The tropical curves Val(Vf˜u) for u ∈]− 1; 0].
suppose to be a triangulation, and assume that f is defined as follows:
f(z) =
∑
α∈supp(f)
aαz
α, zα = zα11 z
α2
2 . . . z
αn
n ,
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Figure 6. The tropical curves Val(Vfu) for u ∈ [0; 1].
Figure 7. The tropical curves Val(Vf0) and Val(Vf˜0).
Figure 8. The tropical curves Val(Vf˜u) for u ∈]− 1; 0].
where aα are non-zero complex Puiseux series and supp(f) is the support of f .
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5.1. Complex tropical localization.
Definition 5.2. Let Rn be the universal covering of the real torus (S1)n. Let α and β
be in the support of f . A hypersurface Hαβ ⊂ Rn is called codual (or corresponding)
to an edge Eαβ in τ if it is given by the following equation:
arg(aα)− arg(aβ)+ < α− β, x >= pi.
In addition if Eαβ is an external edge of τ (i.e., Eαβ is a proper edge of the Newton
polytope ∆), then Hαβ is called an external hyperplane.
Definition 5.3. An open subset C of the coamoeba of a complex tropical hypersurface
V∞, f is called regular if for any point x in C there exist an open subset V (x) in
(S1)n containing x with V (x) ⊂ C and an open subset U in Rn such that V (x) ⊂
Arg(Log−1(U) ∩ V∞, f )i where (Log−1(U) ∩ V∞, f )i is one connected component of
Log−1(U) ∩ V∞, f .
We denote by Critv(Arg) the set of critical values points in the coamoeba coA of a
complex tropical hypersurface V .
Definition 5.4. An extra-piece is a connected component C of coA \Critv(Arg) such
that the boundary of its closure ∂ C is not contained in the union of hyperplanes
codual to the edges of the subdivision.
This means that its boundary contains at least one component (smooth) in the set
of critical values of the argument map. In the following Lemma we assume that the
subdivision τ of the Newton polytope ∆ dual to the non-Archimedean amoeba Γ is a
triangulation and contains inner edges.
We begin by proving the following Lemma which is a local version of the Theorem 6.1
in the complex tropical case.
Lemma 5.5. Let Hαγ be a hyperplane in Rn codual to an inner edge Eαγ of the
subdivision τ . Then any connected component C of Hαγ ∩Arg(V∞, f ) has a dimension
n− 1 and its interior is contained in the interior of a regular part of Arg(V∞, f ).
Proof Let ∆1 and ∆2 be two elements of τ with a common edge Eαγ, and v1 and v2
be their dual vertices in the non-Archimedean amoeba Γ. Let {xm} be a sequence in
Arg(Log−1(v1)∩V∞, f∆1 )\Arg(Log−1(v2)∩V∞, f∆2 ) which converge to some point x in
Hαγ\Arg(Log−1(v2)∩V∞, f∆2 ). Let C be a connected component of Arg−1({xm})∩V∞, f
and {zm} ⊂ C be a sequence such that Arg(zm) = xm for each m. We claim that
the sequence {zm} (by taking a subsequence if necessary) converges to some point
z in V∞, f . Indeed, the sequence {Log(zm)} converge to v2 because the argument of
zm is xm which converges to x ∈ Hαγ, and x is an infinite point for Arg(V∞, f∆1 ).
This means that {Log(zm)} converges asymptotically in the direction of Eαγ to the
infinity of Log(V∞, f∆1 ). So zm converge to the point z of (C∗)n with argument x
and the valuation v2. V∞, f is closed, hence z ∈ V∞, f . Then all the components
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of Hαγ \
(
Arg(Log−1(v1) ∩ V∞, f∆1 ) ∩ Arg(Log−1(v2) ∩ V∞, f∆2 )
)
are in the interior of
Arg(V∞, f ). Let now x be a point in the interior of the following set:
Hαγ ∩
(
Arg(Log−1(v1) ∩ V∞, f∆1 ) ∩ Arg(Log−1(v2) ∩ Arg(V∞, f∆2 )
)
,
and {xm} be a sequence in Arg(Log−1(v1) ∩ V∞, f∆1 ) ∩ Arg(Log−1(v2) ∩ Arg(V∞, f∆2 )
such that xm converges to x. We claim that there is no sequence {zm} in V∞, f such
that Arg(zm) = xm for any m and zm converges in V∞, f to some point z such that
Arg(z) = x. Indeed, assume on the contrary that there exists a sequence {zm} in V∞, f
satisfying the assumption and converging to z in V∞, f . On one hand we know that
Log(zm) converges to v2, because the argument of zm converges to x ∈ Hαγ which is
an infinite point for Arg(Log−1(v1)∩V∞, f∆1 ) and then the valuation of the zm's tends
to the infinity asymptotically in the direction of Eαγ to v2 (because v2 represents the
infinity for Log(V∞, f∆1 ) in the direction of Eαγ). On the other hand, for the same
reasons, the sequence Log(zm) converge to v1. Contradiction, because by assumption
v1 6= v2. In this case we have the so-called extra-piece.
Proposition 5.6. Let Hαγ be a hyperplane in Rn codual to an external edge Eαγ of
the subdivision τ , and let C be a connected component of Hαγ ∩ Arg(V∞, f ). Then we
have one of the two following cases:
(i) The dimension of C is n − 1 and its interior is contained in the interior of a
regular part of Arg(V∞, f );
(ii) the dimension of C is zero (i.e., discrete) and C is contained in the intersection
of Hαγ and a line codual to some proper face of ∆v.
If the edge Eαγ is a common edge to more than one element of the subdivision τ
(which can occur only if n > 2), then by Lemma 5.5 we have the first case. Assume
that Eαγ is an edge of only one element ∆v of τ , and we denote by v the vertex of the
tropical hypersurface dual to ∆v. Let z ∈ Log−1(v)∩V∞, f such that Arg(z) = x which
we assume in Hαγ. We denote by C the connected component of Hαγ ∩ Arg(V∞, f )
containing x. We have to consider the following cases:
(a) supp(f) = Vert(∆v), in this case there is nothing to prove, and we have case
(ii) of the Proposition.
(b) supp(f) ∩ ∆v = Vert(∆v) or supp(f) = Vert(∆v) ∪ {β1, . . . , βl} with βj ∈
∆v ∩ Zn for any j.
All other cases will be easily deduced thereof. Assume that supp(f) = Vert(∆v)∪{β}
with β ∈ ∆v.
Lemma 5.7. With the above notations, let A be the interior of C, then for any x ∈ A
there exists an open neighborhood V (x) of x in (S1)n such that V (x) ⊂ Arg(V∞, f ).
Proof Indeed, assume on the contrary that there exists a small open neighborhood
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V (x) of x in Rn such that V (x) ∩ coA
f
∆αj is empty, where ∆αj is the simplex with
vertices {α1, . . . , α̂j, . . . , αn+1, β} and Eαγ = Eα1α2 with j 6= 1, 2 (here we use the same
letter for x and its lifting to the universal covering of the torus; abuse of notation).
This means that V (x) ∩ Arg(V∞, f ) lies in one side of the hyperplane Hα1α2 . So the
dominating monomials in W−1(Arg−1(V (x))∩V∞, f ) are aα1 , âα2 , . . . , aαn+1,β, because
if the monomial aα2 is a dominating one, then Arg(V∞, f )∩ V (x) lies on both sides of
Hα1α2 . From Remarks 4.1 (a), (b), (c) and Kapranov's Theorem [K-00], we obtain that
the dominating monomials in W−1(Log−1(v) ∩ V∞, f ) are aα1 , aα2 , . . . , aαn+1 . Hence z
lies in the domain where the monomials aα1 , âα2 , . . . , aαn+1 are dominating (a proper
face of the simplex ∆v), and then Arg(z) = x is contained in Hα1α2 ∩ Arg(V∞, f∆α2 ).
Contradiction, because Hα1α2 ∩ Arg(V∞, f∆α2 ) is discrete and then the intersection of
any open neighborhood of x in Rn with Arg(V∞, f ) lies on both sides of the hyperplane
Hα1α2 . In this case we have some extra-piece.
Theorem 1.1 is an immediate consequence of Lemma 5.5 and Proposition 5.6.
6. Coamoebas of complex algebraic hypersurfaces
We now turn our attention to complex algebraic hypersurfaces, so in this section
we assume that the polynomial f is complex. We will give a caracterization of the
argument map critical values set contained in the hyperplanes codual to the edges of
the subdivision τ dual to the spine of the amoeba A of Vf , and we have the following.
Theorem 6.1. Let Hαγ be a hyperplane in Rn codual to an edge Eαγ. Then the
intersection Hαγ∩Critv(Arg) is discrete and it is contained in the union of lines Lα′β′
codual to some faces of τ .
Proof Assume that there is an open subset A of Hαγ such that A ⊂ coAVf , then
we claim that A ⊂ coAV∞, f . Indeed, assume that Eαγ is a common edge for two
simplices ∆1 and ∆2. Let y =< x, a1 > +b1 be the equation of the hyperplane in
Rn ×R containing the points with coordinates (α, ν(α)) and α ∈ Vert(∆1) and ν the
Passare-Rullgård function. Let ft(z) =
∑
aα(et)
<α,a1>+b1zα = (et)b1
∑
aα((et)
a1z)α
with a1 = (a11, . . . , a1n) and
((et)a1z)α = (et)a11α1zα11 (et)
a12α2zα22 . . . (et)
a1nαnzαnn .
Hence Vft ⊂ (C∗)n is the image of Vf under the self diffeomorphism φt of (C∗)n given
by:
(z1, . . . , zn) 7→ ((et)a11z1, (et)a12z2, . . . , (et)a1nzn)
which conserves the arguments. Assume now that A ⊂ coAVf ∩Critv(Arg), so when t
is so close to zero then the set Log(Arg−1(A) ∩ Vf ) take place on the two sides of the
hyperplane E∗αγ in Γ dual to Eαγ, because it is the case for the truncation Vf∆1 which
COMPLEX TROPICAL LOCALIZATION AND MIRROR HYPERSURFACES 15
approximate our hypersurface when t tends to zero. So, if one chooses a coefficients
dα and dγ such that the holomorphic annulus Y of equation dαzα + dγzγ = 0 has the
hyperplane containing E∗αγ as its amoeba, and the hyperplane Hαγ as its coamoeba,
then Vf∩Y is nonempty. Let z0 be a point in Vf∩Y , hence φ−1t (z0) ∈ φ−1t (Vf )∩φ−1t (Y )
and then Arg(z0) ∈ coAV∞, f∆1 . It contradicts Lemma 5.5 if the hyperplane Hαγ is
inner, and Proposition 5.6 if Hαγ is external, and then A is contained in the interior
of a regular part of the coamoeba or it is discrete.
Let t be a strictly positive real number in ∈]0; 1
e
], and Ht be the following self
diffeomorphism of (C∗)n:
Ht : (C∗)n −→ (C∗)n
(z1, . . . , zn) 7−→ (‖ z1 ‖−
1
log t z1‖z1‖ , . . . , ‖ zn ‖
− 1
log t zn‖zn‖).
which defines a new complex structure on (C∗)n denoted by Jt = (dHt) ◦ J ◦ (dHt)−1
where J is the standard complex structure. A Jt-holomorphic hypersurface Vt is a
hypersurface holomorphic with respect to the Jt complex structure on (C∗)n. It is
equivalent to say that Vt = Ht(V ) where V ⊂ (C∗)n is an holomorphic hypersurface
with respect to the standard complex structure J on (C∗)n.
Recall that the Hausdorff distance between two closed subsets A,B of a metric
space (E, d) is defined by:
dH(A,B) = max{sup
a∈A
d(a,B), sup
b∈B
d(A, b)}.
Here we take E = Rn×(S1)n, with the distance defined as the product of the Euclidean
metric on Rn and the flat metric on (S1)n.
A complex tropical hypersurface can be defined as follows (see [M1-02] and [M2-04]).
Definition 6.2. A complex tropical hypersurface V∞ ⊂ (C∗)n is the limit when t tends
to zero of a sequence of a Jt-holomorphic hypersurfaces Vt ⊂ (C∗)n (with respect to
the Hausdorff metric on compact sets in (C∗)n).
6.3. Coamoebas of maximally sparse hypersurfaces.
Let Vf ⊂ (C∗)n be a hypersurface defined by a maximally sparse polynomial f(z) =∑
α∈Vert(∆f )
aαz
α (recall that a polynomial f is maximally sparse means that supp(f) =
Vert(∆f )). Let ft be the family of polynomials defined by
ft(z) =
∑
α∈Vert(∆f )
aα(et)
−Log(aα)zα and Vt their zero locus. We denote by V∞, f = lim
t→0
Ht(Vt)
with respect to the Hausdorff metric on compact sets of (C∗)n.
16 MOUNIR NISSE
Theorem 6.4. With the above notations and assumptions, the deformation of Vf
given by the family of polynomials ft satisfies the following: the coamoeba of the com-
plex tropical hypersurface V∞, f has the same topology of the coamoeba coAf of Vf (i.e.,
they are homeomorphic).
Proof We will prove that the deformation given by {ft} defines a bijection between
the complement components of the Vf 's coamoeba and the complement components
of the V∞, f 's coamoeba. More precisely, we prove that such deformation conserve
the complement components of the coamoeba and thus its topology. Assume that
a complement component of the coamoeba is created (resp. disappear) for some t.
Then there is a created (resp. disappear) component of the argument map critical
values boundary, it means that some edge of the subdivision τf dual to the spine of the
amoeba Af disappears (resp. created), but it cannot occur because the polynomials
are maximally sparse, and thus, the spines of the amoebas AVft are of the same
combinatorial type. It remains to show that two different complement components
of the Vf 's coamoeba cannot be deformed to the same complement component of the
V∞, f 's coamoeba. Assume on the contrary that there is two complement components
C1 and C2 of the Vf 's coamoeba which are deformed to one complement component
C of the V∞, f 's coamoeba. It means that one of these two components disappears or
the component C is not convex, and then we have a contradiction in both cases.
7. Examples of complex algebraic plane curves coamoebas
(1) Let Vfλ be the curve in (C∗)2 defined by the following polynomial:
fλ(z, w) = w
2 − λw + 2zw − z2w + 1.
Let fλ, 1(z, w) = w
2−λw+ 2zw− z2w, so Vfλ, 1 is just the parabola of example
1. Let fλ, 2(z, w) = −λw + 2zw − z2w + 1, hence Vfλ, 2 is the set of points
(z, w) ∈ (C∗)2 such that :
w =
1
z2 − 2z + λ.
This means that arg(w2) = − arg(w1) mod 2pi. Hence the coamoeba of the
curve defined by fλ is as in the figure 8 on the left.
(2) Let Vfλ be the curve in (C∗)2 defined by the following polynomial:
fλ(z, w) = zw
2 + z2w + z + w + λzw.
Let fλ, 1(z, w) = zw
2 + z + w + λzw. Hence Vfλ, 1 is just a reparametrization
of the parabola of example 1. We can see that z = − w
1+w2+λw
.
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Figure 9. The Newton Polygon of example (1) and its subdivision.
Figure 10. Example (1): on the left the coamoeba when λ 6= 0 and
the curve is non-Harnack, and the coamoeba when λ = 0 and the tri-
angulation is trivial on the right.
Let fλ, 2(z, w) = zw
2 + z2w + z + λzw = z(1 + zw + w2 + λw), hence Vfλ, 2 is
the set of points (z, w) ∈ (C∗)2 such that :
z = −1 + w
2 + λw
w
.
It means that arg(z2) = − arg(z1) mod 2pi, where z1 (resp. z2) denotes the
first coordinate of a point in Vfλ, 1 (resp. in Vfλ, 2) . As in example 1, we have
the figures 9 on the top right.
(3) We give an example of a Newton polygon ∆ that defines not any real curve
with maximal number of coamoeba complement components, but this maximal
number is realized by a complex curve. Let ∆ be the polygon with vertices
(1; 0), (0; 1), (1; 2), and (3; 1) (see figure 10 for the polygon and its subdivision
dual to the spine of the amoeba). In this case we prove that no real polynomial
can realize the maximal number of coamoeba complement components (the
maximal number in the real case is five, and the coamoeba is given in figure
11 on the left for some real coefficients ), but the complex curve defined by
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Figure 11. Coamoeba of example (2) in three cases, the first coamoeba
is the one of the Harnack case, the second coamoeba of a non-Harnack
case and the coefficient λ 6= 0, and the last case is the case when λ = 0
and the subdivision is trivial.
the complex polynomial f(z, w) = eiαw + z + zw2 + z3w with 0 < α < pi,
has a coamoeba with maximal number of complement components (i.e. six
components, see figure 11 on the right).
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